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Analytical Off-Design Lift-to-Drag-Ratio Analysis
for Hypersonic Waveriders

Ryan P. Starkey¤ and Mark J. Lewis†

University of Maryland, College Park, Maryland 20742

An analytical, power-law-derived, waverider wing theory model is developed for studying the lift-to-drag-ratio
characteristics of a rocket-powered waverider with a two-dimensional (planar) shock structure. Some inherent
bene� ts of the modeling method are explored, such as the decoupling of the vehicle length and planform shape
from the other componentsin the lift-to-drag-ratio equation.Other factors affecting lift-to-dragratio are also inves-
tigated, including off-design angle-of-attack performance and sensitivity, off-design Mach number performance,
altitude effects, base-pressure considerations, length-scale effects, and planform bluntness effects (i.e., spatulate-
vs caret-style waverider con� gurations). The vehicle aerodynamics are derived in a manner that results in a simi-
larity solution in which all results are independent of the width of the vehicle. This similarity allows for easy vehicle
scaling once a desirable con� guration has been determined.

Nomenclature
A, B = power-law scaling parameters
D = drag, N
F = planform scaling function
G = � ight condition function
h = height, m
L = lift, N
l = length, m
M = Mach number
n = power-law exponent
P = pressure, Pa
S = area, m2

U = velocity, m/s
V = volume, m3

w = width, m
X, Y = lift-to-drag-ratiofunctions
x , y, z = linear dimensions, m
Z = altitude, km
a = angle of attack, deg
b = oblique shock inclination angle, deg
h = vehicle wedge angle, deg
l = kinematic viscosity, N s/m2

q = density, kg/m3

W = lift-to-drag-ratiofunctions

Subscripts

b = value for base surface
c = value for compression surface
e = property at edge of boundary layer
l = value for lower surface
lam = laminar
p = planform
surf = surface inclination angle
turb = turbulent
u = value for upper surface
v = viscous
w = wall value or wetted surface area
1 = freestream value or surface

Superscript

¤ = evaluated at the reference temperature
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Introduction

A LTHOUGH there are many factors affecting the design and
optimizationof hypersonicwaveriders,one of the most funda-

mental � gures of merit is the lift-to-drag (L / D) ratio. Maximizing
a vehicle L / D ratio is important because it generally is equated to
increased range that is often a key driving parameter behind any
vehicle design. This paper investigates the effects of many design
criteria on the L / D ratio and offers insight on how to maximize
their effectiveness for a given mission. Some of the more basic de-
sign questions looked into are 1) how long the vehicle should be,
2) what planform shape the vehicle should have, 3) what vehicle
wedge angles provide relative insensitivity to � ight-path perturba-
tions, 4) how sensitive the vehicle design is to variations in base
pressure (i.e., engine on or off), and 5) the effects of off-design
Mach number and angle of attack.

Use of a simple parametric vehicle model allows for studies of
manydifferentdesignvariablesand fundamentaloptimizationtrade-
offs with modest computationaleffort.Furthermore, the power-law-
shaped waverider with a two-dimensional shock structure used for
this study de� nes all aerodynamicand geometricparameters analyt-
ically for increased simplicity.Using this simple model, we explore
the tradeoffs involved with optimizing a Mach 8 waverider for the
maximum L / D ratio at a cruising altitude of 20 km.

Vehicle Model
A waverider with a two-dimensional (planar) shock is generated

by use of power-law equations to de� ne the curvatures of both the
planform p and upper u surfaces:

yp = Ax n (1)

yu = B(zu )n ! zu = (yu / B)1/ n (2)

where the zero coordinate point is at the nose centerline with the
heightde� nedas positivegoingdown,as shownin Fig. 1. Parameters
A and B are positive scaling constants,and the exponent n can vary
within the range 0–1.

To ensure vehicles with a wedge-derived � ow� eld, i.e., a planar
shock, the vehiclemust have a constantwedge angle h at every span-
wise location.When thecurvatureof the lower surface is constrained
to follow the equation

tan h =
zl ¡ (yu / B)1/ n

x ¡ (yp / A)1/ n
(3)

a planar shock is guaranteed.
The vehicle upper surface is generated by the application of

Eq. (1) between x = 0 and the desired vehicle length x = l along
with Eq. (2). Similarly, the vehicle lower surface is generatedby the
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Fig. 1 Parametric vehicle example: w = 9.33 m, l = 50 m, n = 0.5, µ =
5 deg.

Planform view

Base view

Fig. 2 Geometries created by variations in power-law constant A and
exponent n.

application of Eq. (1) between x =0 and the lower surface length,
x = l / cos h , along with Eq. (3). At a 0-deg angle of attack, the vehi-
cle base plane is taken perpendicularto the � ight path and the upper
surface is alignedwith the freestream.These equationsresult in � ve
variables (A, B , n, l, and h ) that may be manipulated to generate a
wide variety of vehicle con� gurations.

Small variations in these � ve parameters can result in large vari-
ations in the resulting vehicle geometry, as shown in Fig. 2. A spat-
ulate con� guration (blunt planform) with a � attop is generated by
settingn =0. It shouldbenotedthat at theextremevalueofn =0, the
waverider becomes unrealistic from a structural standpoint (i.e., in-
� nitely thin shock attachment � ns) but is left in the analysis for
completeness.The other extreme of n =1 produces the more famil-
iar caret-style waverider.1

Waveriders are designed with the assumption of an attached
leading-edgeshock.Not all variablecombinationspossiblewith this
parametric geometry will lead to a valid waverider with an attached
shock. Shock attachment is guaranteed by setting

B = A / tann b (4)

where the shock angle b must be less than the maximum shock
attachment angle. Substituting Eq. (4) into Eq. (3) results in

zl = x tan h + (y / A)1/ n (tan b ¡ tan h ) (5)

for the curvatureof the lower surface with an attached shock. When
theanalysisis restrictedto vehicleswith attachedshocks,thenumber
of variable parameters is reduced to four: A, n, l, and h .

The vehicle height h and width w are given by

h = ( A / B)1/ nl = l tan b (6)

w = 2Aln (7)

When Eq. (7) is used, the variable parameters can be changed to a
more convenient set consisting of l, w , n, and h .

All of the generating equations for this parametric model have
been derived and validated in previous work2,3 and are as follows:

yp = Ax n

where A = w / 2ln ,

yu = B(zu)n

where B = A / tann b ,

zl = x tan h + (y / A)1/ n (tan b ¡ tan h )

h = l tan b , w = 2Aln , Sp =
wl

n + 1

Sb = Sp tan h , V =
Sbl

n + 2

Sw 1 = 2
l

0

x tan b

0

1 +
dy

dzu

2

dz dx

Swc = 2
l

0

x tan b

x tan h

1 +
dy

dzl

2

dz dx

L = Sb[Pb ¡ Pl ] sin a + Sp[Pl ¡ Pu ]cos a

Dw = Sb[Pl ¡ Pb] cos a + Sp[Pl ¡ Pu] sin a

Dv ,surf = G1w F(n)
l

cos h surf

G2

F (n) = F0 + F1n + F2n
2 + F3n3

The vehicle model is generated with the assumption of two-
dimensional streamlines over the body (i.e., no cross� ow). The
parametric model derived in Ref. 2 analytically de� nes the viscous
drag for either fully laminar or fully turbulent cases by use of the
reference temperature method.4 Eckert’s empirical relation is used
for the reference temperaturealong with Sutherland’s viscosity law.
The constants used for the viscous drag equation Dv are summa-
rized in Table 1. Viscous drags for the upper and the lower surfaces
are calculated separately and then summed. The equation for Dv is
written in a generic form in which h surf is the inclination angle for
the surface being calculated (i.e., h surf =0 deg for the upper surface
and h surf = h for the lower surface).

This analyticalmodelwas validatedwith a viscousoptimizedcon-
ical waverider generatedby the Maryland Axisymmetric Waverider
Program5 (MAXWARP). A second validation was done at off-
design Mach numbers and angles of attack, with Euler validation

Table 1 Viscous drag constants for wedge-derived waverider

Constant Laminar � ow Turbulent � ow

G1 0.664 q 2
e U 3

e l eC ¤ / q ¤ 0.037(Ue)1.8( q ¤ )0.8( l ¤ )0.2

G2 0.5 0.8
F0 0.99845 0.99758
F1 ¡ 0.57529 ¡ 0.80941
F2 0.36737 0.54989
F3 ¡ 0.11939 ¡ 0.18247
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of an optimizedosculating-cone-generatedwaverider by Takashima
and Lewis.6 Details of these validations are given in Ref. 2.

The implicit drawbacks to this analytical model are as follows:
1) The model is assumed to be a true aerodynamic shape with no
losses that are due to engine–airframe integration (a reasonable ap-
proximationfor this rocket application); 2) there is no pressureleak-
age that is due to shock detachment; 3) centrifugal lift has been
neglected; 4) transverse � ow is assumed to be zero; 5) the wall
temperature is assumed to be constant; and 6) viscous drag errors
increase for more cylindrical vehicles.

The assumption that there is no pressure leakage that is due to
shock detachment is one of the fundamental design criteria in the
theory of waveriders. Although, at one scale or another, all lead-
ing edges display some form of bluntness, the sharp leading-edge
assumption has been shown to produce an attached shock on wa-
veriders in experimentalstudies.7 For cases in which some leading-
edge blunting is required for reducing heating in sustained � ight, it
has been shown experientially8 that minimal � ow� eld degradation
occurs (<5% change in L / D ratio).

Inspecting the L/D Equation
The equations for lift, wave drag, and viscous drag from Table 1

are used to determine the L / D ratio of the vehicle and then simpli-
� ed. The � nal results of the simpli� cation are

L / D = L / (Dw + Dv ,u + Dv ,l ) = 1/ ( W 1 + W 2 W 3 W 4) (8)

with the dependenciesof the W functions given by

W 1 = W 1(h , a , M 1 , Z) (9)

W 2 = W 2(h , a , M 1 , Z) (10)

W 3 = W 3(l) (11)

W 4 = W 4(n) (12)

where M 1 is the freestream Mach number and Z is the design or
cruise altitude.

For the purposes of this section, the design conditions used are
held constant at a � ight Mach number of 8 and an altitudeof 20 km.
The effects of changing M 1 and Z are investigatedat the end of the
paper. For � xed M 1 and Z , the L / D equation becomes a function
of only four geometric parameters: h , a , l, and n. The functions
comprising the L / D equation from Ref. 2 are

W 1 ´ (X + Y ) / (1 ¡ XY ) (13)

W 2 ´
G1,u + G1,l / (cos h )G2

(Pl ¡ Pu )(1 ¡ XY ) cos a
(14)

W 3 ´ lG2 ¡ 1 (15)

W 4 ´ (n + 1)F (n) (16)

X ´ tan h [(Pl ¡ Pb) / (Pl ¡ Pu)] (17)

Y ´ tan a (18)

The L / D ratio is maximized by minimization of the two com-
ponents W 1 and W 2 W 3 W 4 in the denominator of Eq. (8). All viscous
effects are contained in the W 2 term, whereas all length dependence
and power-law-exponentdependence have been decoupled into the
W 3(l) and W 4(n) terms, respectively.The function W 1 will be shown
to behave more like a wave drag or blockage term and the product
of W 2 W 3 W 4 will be shown to behave more like a viscous term. Both
of the terms W 1 and W 2 W 3 W 4 also contain some components of lift
and wave drag of the vehicle through the variable X , as well as the
pressure difference term (Pl ¡ Pu ) in W 2.

An important note on the modeling methodology chosen herein
is that Eq. (8) is independentof the width of the vehicle.The results
presented herein take the form of a similarity solution, in which
all vehicles can be tailored to meet speci� c mission requirements
through adjustmentof the width. The similarity is an inherent char-
acteristic that is due to the uniform wedge angle of the vehicle and

Fig. 3 W 3(l) vs vehicle length l.

thereforeto the constant� ow propertiesalongeachstreamline.Also,
because the width scales with the constant A for a given exponentn
(i.e., w =2Aln ), the width of each stream channelscalesby the same
constant, thereby scaling the viscous drag linearly in A. Also, the
L / D ratio remains independent of width only if shock attachment
is maintained; otherwise a three-dimensional � ow� eld with pres-
sure leakage will develop. When variations in the vehicle’s width
are used, the vehicle can be tailored to achieve any desired vol-
ume, allowing for � exibility in choosing the design geometry. The
drawback to deriving assumptions used for this vehicle are that the
viscousdrag errors increase for more cylindricalvehicles (i.e., long
and slenderwith small radiusof curvature). Althoughthis studydoes
not independently investigate the off-design effects on the magni-
tudes of lift and drag, these will obviously play an important role
in the design of an optimum trajectory and in� uence the design of
the propulsion system, structural framework, volumetric packag-
ing, etc. The nature of the similarity formulation prohibits this type
of detailed design investigationwithout signi� cantly increasing the
complexity of the study.

Length-Scale Effects
As the length of the vehicle increases, it would be expected

that the blockage-dominated term (W 1 ) would overshadow the
viscous-dominated term (W 2 W 3 W 4 ). This effect is partially con-
� rmed (i.e., the relative decrease in the viscous term) by exami-
nation of the plot of the function W (l), as shown in Fig. 3 for both
the totally laminar and totally turbulent extremes of viscous drag.
From the plot shown in Fig. 3, it is easily seen that as the length
increases the bulk effect is to decrease the viscous term, thereby
increasing the L / D ratio. Conversely, as the length of the vehicle
is shortened (especially below 6 m), the viscous effects begin to
grow dramatically and most likely overtake the blockage drag as
the dominant term in the denominator.

Planform Shape Effects
Contributing to the effects of viscosity, although not as signi� -

cantly as the overall vehicle length, is the variation in the average
streamline length caused by changes in the power-law exponent n.
As the vehicle becomes more spatulate shaped (i.e., planformblunt-
ness increases as n ! 0), the average streamline length increases
and the contribution of W 4 to the viscous term decreases. This fact
is reiterated by Fig. 4 for the function W 4(n) for various values of
the power-law exponent n for the laminar and the turbulent viscous
drag extremes. It is interesting to note that changing the power-law
exponent between n =0 (spatulate) and n = 1 (caret) varies the tur-
bulent drag by only » 11%, whereas the spatulate vehicle has twice
the planformarea and three times the volume of the caretwaverider.
As the design conditions change or a vehicle is optimized for an
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Fig. 4 W 4(n) vs power-law exponent n.

Fig. 5 L/D ratio vs µ with variations in l and contours of power-law
exponent n = 0 (top) and n = 1 (bottom) for ® = 0 deg.

entire mission trajectory, the transition between laminar and turbu-
lent drag and knowledge of the regions where the drag is entirely
laminar or entirely turbulent will become increasingly important.
This desire for increased transition information is also emphasized
by the fact that the effect of planform bluntness on laminar � ow is
to decrease the viscous term by 25%.

Although not considered explicitly in this paper, the volumetric
ef� ciency g Sw = V 2/ 3 / Sw of this model can be maximized by setting
n ¼ 0.2, as shownin Ref. 2. It is in this typeof considerationin which
the width becomes an important variable in tailoring the design to
ful� lling volumetric requirements.

Combined Effects of l and n
Figure 5 shows the overall effectsof changesin lengthand power-

law exponenton the L / D ratio for the totally turbulentviscousdrag
case. The top and the bottom curves for each vehicle length are
for n =0 and n =1, respectively. Unless otherwise mentioned, the
base pressure on the vehicle is assumed to be equal to freestream
pressure for lift and drag calculations. Some important points on
Fig. 5 have been summarized in Table 2. The effects of changes in
lengthbecomenoticeableover large ranges[0.56 · D (L / D) ·0.59
for l changingfrom 30 to 60 m], but increase signi� cantly for small
lengths [1.04 · D (L / D) ·1.10 for l changing from 2 to 10 m].
Similarly, the variations in L / D ratios that are due to changes in
n are fairly uniform throughout the desired length spectrum. The
wedge angle h j (L / D)max (at a =0 deg) for the peak values of L / D
ratios does not change signi� cantly for perturbationsabout a single
design length (·0.25 deg). This angle is governed mainly by the
� ight Mach number and the altitude, as will be shown later. It is

Table 2 Effects of variations in l and n on (L/D)max
and µ at (L/D)max

(L / D)max h at (L / D)max , deg

l , m n = 0 n = 1 n = 0 n = 1

60 8.72 8.26 3.27 3.45
30 8.13 7.70 3.50 3.68
10 7.28 6.90 3.90 4.11
2 6.18 5.86 4.55 4.80

a) Three-axis view with L/D contours

b) ® vs µ view with W 1 contours

Fig. 6 W 1(®; µ) for variations in ® and µ (L/D ratio at n = 0, l = 60 m).

also of interest to take note of the sharp drop-off in the magnitude
of (L / D)max as the length is decreased.

Figures 5–13 contain data up to a value of h =15 deg for con-
sistency and clarity of presentation. It is obvious that, because the
maximum value of the L / D ratio is in the vicinity of h ¼ 4 deg, the
upper limit of h =15 deg will never be approached.The h = 15 deg
upper limit must also be enforced from the position of shock at-
tachment throughout the off-design angles of attack. Because the
equationsderived herein all assumed total pressurecontainment as-
sociated with shock attachment along the entire leading edge of the
vehicle, some restrictions must be made. Lewis and Hastings9 have
shown that at Mach 8 the maximum shock angle b about which
perturbationsin � ight path will move the shock closer to the vehicle
as opposed to further away is 15.07 deg. This translates to a max-
imum wedge angle of 9.54 deg. Above this, with perturbations of
the � ight path or changes in angle-of-attack, the shock will move
away from the vehicle and pressurecontainmentwill be diminished.
Therefore a maximum wedge angle of 9.54 deg will be imposed as
an additional design consideration for the case being studied.

Zero-Degree Angle of Attack
Common waveridervehicle designs align the upper surface of the

vehicle with the freestream direction to de� ne the on-design condi-
tion (i.e., a =0 deg). This convention is maintained here, although,
as will be shown, this is usually not the correct choice.
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a) Three-axis view with L/D contours

b) ® vs µ view with W 2 contours

Fig. 7 W 2(®; µ) for variations in ® and µ (L/D ratio at n = 0, l = 60 m).

Breaking down Eq. (8) even further for the a = 0 deg case results
in

L

D
a = 0 deg

= 1 X + G1,u +
G1,l

(cos h )G2

W 3(n) W 4(l)
Pl ¡ Pu

(19)

where, as before, the � rst term in the denominator is the blockage
term and the second term is the viscous term, both with a component
of lift. Therefore the inviscid limit for the a =0 deg case is

(L / D) j inviscid = X ¡ 1 (20)

which agrees with inviscid oblique shock theory1 in that, as h ! 0,
(L / D) ! 1 . Note that for Pb = Pu = P1 this reduces to the more
familiar L / D = (tan h ) ¡ 1 .

Off-Design Performance
Off-Design Angle-of-Attack Effects

Returning to the L / D equation in the form of Eq. (8), we now
discuss nonzero angles of attack. Figure 6 shows the variations of
W 1(h , a , M 1 = 8, Z =20km) for changesin h and a . With the intent
of lowering the denominatorof the L / D ratio in Eq. (8) in mind, we
see in Fig. 6b that the function W 1 increases linearly with h (for a
given positive a ) and has a nearly uniform vertical displacement as
the angle of attack is increased.This trend agrees with the intuition
that as the angle of attack increases positively, the effective wedge
angle increases by a similar amount, resulting in a corresponding
increase in the blockage term.

Figure 6a also shows L / D contours for the sample case of n = 0
and l =60 m. Contrary to the a =0 deg case, the peak L / D magni-
tude occurs at h < 3 deg at slightly positive angles of attack. Also,
the fact that the achievable range of L / D magnitudes decreases as
h increases is important, again enforcing the fact that a more stable

a) L/D vs ® with µ contours

b) @(L/D)/@® vs ® with µ contours

Fig. 8 L/D ratios for variations in ® with contours of µ (L/D ratio at
n = 0, l = 60 m).

� ight environment exists for vehicles with larger wedge angles (as
shown in Fig. 5 for a =0 deg).

At a = ¡ h / 2, the pressure term ( Pl ¡ Pu ) in the denominatorsof
W 2 and X goes to zero, but L / D is still de� ned. Taking the limit as
a ! ¡ h / 2, we � nd that Eq. (8) reduces to

lim
a ! ¡ h /2

L

D

= ¡ 1
1
Y

+ G1,u +
G1,l

(cos h )G2

W 3(n) W 4(l)

( Pl ¡ Pb)Y tan h sin a

(21)

The L / D magnitudefor Eq. (21) is small because a = ¡ h / 2 is close
to the zero-lift angle of attack.

The spikes in the Fig. 6a are due to the instability alluded to in
Eq. (21) when a = ¡ h /2. These spikes actually extend to §1 , but
were cut off for clarity. In simple terms, as the negative angles of
attack are traversed for any given wedge angle, the sudden loss of
lift that occurs as a ! ¼ ¡ h / 2 (indicated by the spikes in Fig. 6a)
causes a rapid � uctuation in the vehicle L / D ratio from cruisedown
to zero. Unless the vehicle has in� nitely precise control and rapid
response, this rapid transition makes the vehicle highly sensitive
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Fig. 9 Angle of attack ® that gives peak L/D ratio for a given wedge
angle µ (L/D ratio at n = 0, l = 60 m).

Fig. 10 L/D ratio vs µ with bands of angles of attack and contours
of n and l.

around the correspondingangle of attack. Figure 6a also shows that
as the vehicle wedge angle increases, the effects of the spike are
spread across a larger range of angles of attack, indicating the de-
sire for a larger vehicle wedge angle to minimize L / D sensitivity
to a . This result is in opposition to the trends discussed earlier
in that the desired vehicle wedge angle for the maximum L / D
ratio at a =0 deg is approximately 3–4 deg, whereas the desired
wedge angle to minimize angle-of-attacksensitivity is much larger
than 4 deg.

InFig. 6b it is evidentthat, to minimize W 1 (therebyaidingin max-
imizing the L / D ratio), small wedge anglesare requiredwith angles
of attack greater than the zero-liftangle of attack (i.e., a > ¼ ¡ h /2).
The fact that at this vehicle length (60 m) the wave drag is the dom-
inant force results in the W 1 contours of Fig. 6a being very similar
to L / D contours shown in Fig. 6b.

Figure 7a shows similar trends for W 2 (h , a , M 1 = 8, Z =20 km)
as Fig. 6a for W 1. The effectsof angleof attackon W 2 are spreadover
a largerrangearoundthezero-liftangleof attackfor allwedgeangles
(as opposed to just the larger angles for W 1 ). These results would
tend to reduce the L / D sensitivity to perturbations in a around the
correspondingvalues of a , although W 1 is the more dominant term
for 60-m vehicles.

An interesting trend is uncovered in Fig. 7b for W 2 as a function
of a and h ; the contours of W 2 move in linear steps perpendicular
to the zero-lift spike line. This linearity indicates that in order to
minimize the effects of W 2 on L / D the combinationof wedge angle
and angle of attack must be increased well above the a = 0 deg,
peak L / D wedge angle.

a) W 1 contours

b) W 2 contours

c) L/D contours

Fig. 11 Off-design Mach number effects with changes in ® and Z
for a Mach 8 design with µ = 6 deg, l = 60 m, and n = 0.

The overall effects of the trends in W 1 and W 2 are as follows:
1) to minimize the L / D sensitivity to a in the vicinity of the zero-
lift angle of attack, the wedge angle should be larger than the angle
for which L / D is maximized, 2) L / D is maximized by small angles
h at small a , and 3) the L / D contours more closely resemble the
W 1 contours, indicating that the wave drag term has a domineering
effect on the overall vehicle L / D ratio for 60-m vehicles.

We now examine how the L / D ratio is changed for variations in
h and a , as shown in Fig. 8 (for the n =0, l = 60 m sample case).
It can be seen that the range of possible values of the L / D ratio is
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a) W 1 contours

b) W 2 contours

c) L/D contours

Fig. 12 Off-design altitude effects with changes in ®, µ, and Z for
a Mach 8 design with l = 60 m and n = 0.

signi� cantly reduced for the large wedge-anglevehicles. This L / D
restriction comes at the expense of a much lower peak magnitude
of the L / D ratio.

Figure 8 shows that smaller values of h produce much larger
variations in the L / D ratio of the vehicle through changes in a .
From this � gure it becomes clear that the largest sensitivities to a
are at the smallest angles h . The peak values of @(L / D) / @a are at
the zero-lift angle of attack for each value of h . Also, for a > 2 deg,
the sensitivities of the L / D ratio to a are fairly uniform regardless
of h . We calculate the values of @(L / D)/ @a by sweeping a from
¡ 6 to 6 deg.

Fig. 13 L/D ratio vs µ for varying Pb with l = 60 m and n = 0.

The value of a that gives the peak possible L / D ratio for a given
value of h from Fig. 8a is plotted in Fig. 9. Figure 9 indicates what
should be obvious; that the peak L / D ratio for a given value of
h is not always at a = 0 deg. Furthermore, Fig. 9 shows that at
h =7 deg the angle of attack that maximizes L / D transitions from
positive to negative. Previous experience in forebody optimization
for cruiser-class vehicles3,5,10 has shown that to maximize both the
L / D ratio and the volumetricef� ciency the resultingvehiclewedge
angle is 5 deg < h < 8 deg with a power-law exponent of n ¼ 0.2,
(Ref. 3), indicating that acceptable results could be obtained for
vehicle optimization with a =0 deg within this range. In fact, from
Fig. 9 it is shown that, for angles above h ¼ 5 deg, optimizing for
the maximum L / D ratio at a =0 deg would give minimal error.
It should also be noted that at the small Mach numbers, angles of
attack, and relatively low altitudes used in this study, the effects
of shock-wave/boundary-layerinteractionswould have a negligible
effect on pressure containment.

The culmination of the angle-of-attack effects are summarized
by Fig. 10 to include all possible design variations of l, n, and h .
Figure 10 reiterates the � ndings of Fig. 5 for nonzero angles of
attack in that the L / D ratio is relatively insensitiveto small changes
in the length of the vehicle. Figure 10 also shows that the effect of
angle of attack on the L / D ratio over a large variation in vehicle
length is maximum for small h and, more speci� cally, for a = 0 deg
at the peak L / D angle. The effects of the power-law exponent n,
where n goes from the caret con� guration (n =1, curve closest to
L / D =0 line for each length and angle of attack) to the spatulate
con� guration (n =0, curve furthest from L / D =0 line) are also
shown in Fig. 10.

Off-Design Mach Number Effects
Recalling that the design point for this vehicle was Mach 8 at

20 km, in this section we look at off-design Mach number and
angle-of-attackeffects on the vehicle L / D ratio. The Mach number
and the angle of attack appear in two of the decoupled components
of the L / D ratio in Eq. (8) through W 1 and W 2 in Eqs. (13) and (14),
respectively.The off-design effects are shown in Fig. 11 with con-
tours of W 1 , W 2 , and L / D for parts a, b, and c, respectively.The L / D
calculationswere generatedwith the referencecase of l =60 m and
n =0, along with a constant wedge angle of h = 6 deg.

Figure 11a shows that in order to minimize the function W 1 (and
hence maximize its contribution to the L / D ratio) as the vehicle
� ies its trajectory it should attempt to reach higher altitudes as soon
as possible and � y at speeds lower than the design Mach number
(shown by the “cups” in the top part of the � gure). This approach
would allow the trajectory to be maximized for range through the
product of (L / D) Isp in the Breguet range equation. Also, there is
clearly an optimum angle-of-attack that will maximize the L / D
ratio over the entire altitude spectrum for any given Mach number.

The temperaturepro� le of the portionof the standardatmosphere
model11 used in this study is characterized by two distinct regions:
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The troposphere (region closest to the Earth up to 11 km) has a
linearly decreasing temperature, followed by the stratosphere that
has both an isothermal layer (between 11 and 20 km) and an inver-
sion layer (above 20 km). It is interesting to note that in Fig. 11 the
effects of the atmospheric temperature pro� le are clearly visible at
both of the in� ection points at 11 and 20 km, respectively.

The temperatureeffectsof theatmospherearemore clearlyvisible
in Fig. 11b for the off-design effects on W 2 , as this term is largely
temperaturedependent(because of the viscous terms). To minimize
the variable W 2 it is clear that the vehicle should try to remain as
far as possible from the zero-lift angle of attack. Also, as the Mach
number is increased for a given altitude and angle of attack, the
magnitude of W 2 increases, thereby decreasing the L / D ratio.

Including the off-design effects of both W 1 and W 2 on the L / D
ratio, as shown in Fig. 11c, it is shown that the vehicle L / D ratio
can be maximized if the altitude is increased as much as possible
(constrained by the actual lift requirements) while the cruise Mach
number is lowered. The effects of transitioningfrom the isothermal
layer to the inversion layer results in bubbles, in which L / D quickly
increases with altitude. Because the variable W 1 is essentially a
pressure-dependentvariable, the fact that the pressure and the den-
sity are decreasing with altitude also contributes to creating the
L / D bubbles (i.e., L / D contours closely resemble W 1 contours).
It is also interesting to note that a combination of a and Z can be
found to maintain a constant L / D ratio through a wide range of
Mach numbers. Higher values of L / D ratios can be achieved by
overspeeding the vehicle through lower altitudes and then under-
speeding at higher altitudes. This approach, of course, is contrary
to thermal design requirements, indicating that tradeoffs must be
considered.

Off-Design Altitude Effects
The effectsof varying Z , h , and a are shownin Fig.12 for contours

of W 1, W 2 , and L / D, respectively,with the design Mach number of
8. Off-design altitude effects on the L / D ratio are generated with
the sample vehicle con� guration of n =0 and l =60 m.

In the contours of W 1 in Fig. 12a, the temperature and pressure
effects of the atmosphere are visible, although the contour shapes
are extremelydifferentfrom those of Fig. 11a. The interestingresult
shown in Fig. 12a is that W 1 can be minimized at much larger wedge
angles (and for an increasingrangeof anglesof attack) as thealtitude
is increased.This result is indicated by the cups or bulges centered
around the zero-lift angle of attack with the bases extending down
to much lower angles h for low altitudes.

The linear trends shown for W 2 in Figs. 7 and 11b are also visible
in Fig. 12b. Once again, the temperaturedependencethroughoutthe
atmosphere is visible,with clear discontinuitiesin the magnitudeof
W 2 at the boundary of the stratosphere. Also, the minimization of
W 2 is achieved if a vehicle is designed with a large angle h to � y
with a large angle of attack a at low altitudes or, conversely, with
small angle h to � y with a large negative a at low altitudes.

Combining the effects of W 1 and W 2 with the design case of
l =60 m and n =0 allows the full spectrum of effects on the off-
design altitudeperformance to be determined,as shown in Fig. 12c.
As for the off-design Mach contours shown in Fig. 11, the L / D
contours in Fig. 12 show a strong dependence on W 1 . As indicated
for Fig. 12a, the cups in the L / D contours allow for a high value of
the L / D ratio to be maintained through a range of angles of attack
and altitudes for a given design h . The range of angles h that result
in high values of the L / D ratio increase as the altitude increases.

Base Drag Effects
Depending on the type of mission and trajectory and the engine

type and conditions, the common assumption that base pressure Pb

is equal to the freestream pressure P1 may be invalid. This study
avoided the complex issues of engine performance and engine–

airframe integration for waveriders with airbreathing engines by
assuming base-mounted rocket engines. Looking through a range
of base pressuresfrom freestream(engine on) to nearlyvacuum(en-
gine off) for a full range of angles of attack results in the contours
as shown in Fig. 13 for the n =0 case at Mach 8 and 20 km. It is

clearly shown that for base-pressure differences between P1 and
vacuum the L / D ratio drops signi� cantly for con� gurations with
smallerwedgeangles(<9 deg), indicatingthat correctbase-pressure
knowledge is essential for a truly trajectory optimized waverider
con� guration. For vehicles with wedge angles greater than 9 deg,
the effects of base pressure for values of ¡ 3 deg < a < +6 deg are
localized to a L / D magnitude change of » 1.

Conclusions
Many aspects of waverider design and optimization have been

explored through the use of a simple parametricvehiclemodel. Off-
design angles of attack have been shown to have a dramatic impact
on the L / D ratio, especially near the vehicle half-angle, indicating
that controllabilityof the waverider from a pure pitching standpoint
affects the desired vehicle wedge angle considerably (pushing it
higher than the maximum L / D angle). Through decoupling of the
L / D equation, it has also been shown that length and planform
bluntness effects are evident in only the viscous drag term and that
to maximize a vehicle L / D ratio the length should be increased as
much as possible and the planform should be as blunt as possible.
From a base-pressure standpoint, the vehicle should be designed
includingoff-designbase-pressureeffects (i.e., engine off) to obtain
a truly optimal con� guration.

Off-designangle-of-attackand Mach number effects have shown
that it is possible to � nd a combination of angle of attack, altitude,
and � ightMachnumber to maximize the L / D ratioover a trajectory,
which should translate to increased range. It was also shown that
a vehicle with a design point of Mach 8 and 20 km would show
increasedperformanceoperatingat higheraltitudesand lower Mach
numbers,providedthat themagnitudeof liftwas suf� cient to support
steady � ight.
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